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Abstract We present and discuss a formal ap-
proach for describing the quantum to classical
crossover based on the group-theoretic construc-
tion of generalized coherent states. The method
was originally introduced by L. Yaffe[1] in 1982
for tackling large-N quantum field theories, and
has been recently used for studying open quan-
tum systems whose environment, while becom-
ing macroscopic, may or may not display a clas-
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sical behaviour[2,3,4,5]. Referring to these re-
cent developments, in this paper we provide the
essential elements of Yaffes’s approach in the
framework of standard quantum mechanics, so
as to clarify how the approach can be used with-
out referring to quantum field theory. Moreover,
we address the role played by a possible global
symmetry in making the large-N limit of the
original quantum theory to flow into a formally
well defined classical theory, and we specifically
consider the quantum-to-classical crossover of
angular momentum. We also give details of a
paradigmatic example, namely that of N free
one-dimensional spinless particles. Finally, we
discuss upon the foundational requirement that
any classical description should ultimately be
derived from an underlying quantum theory, that
however is not, and should never be confused
with, the one obtained via some quantization
procedure of the classical description itself.
Keywords Quantum-Classical crossover ·
Open Quantum Systems
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1 Introduction
Progresses in quantum technologies have recently
made necessary to deeply understand the rela-
tion between macroscopic objects that behave
according to a classical theory, and the quantum
world of microscopic systems, in order to find
the best strategies for using, interacting, and ex-
erting control upon small and fragile quantum
devices. Key to this understanding is a formal
description of the so called quantum to classical
crossover, implying the possibility of connect-
ing the geometrical structure of classical physics
with the algebraic one featured by quantum me-
chanics. Some powerful tools in this framework
can be found in the literature relative to the
so called large-N Quantum Field Theories: al-
though they cannot be straightforwardly used in
different settings, such as those typically arising
in the analysis of open quantum systems, where
the system undergoing the above crossover is
just the big partner of a small quantum ob-
ject, they are versatile enough to be adapted
and turn very useful even in these frameworks.
In particular, the way L. Yaffe[1] in 1982 tack-
led some large-N quantum field theories, has
demonstrated very powerful and has been re-
cently used for studying open quantum systems
whose environment, while becoming macroscopic,
may or may not display a classical behaviour [2,
3,4,5]. In this paper, after providing the essen-
tial elements of Yaffes’s approach in the frame-
work of standard quantum mechanics, we elabo-
rate upon the role of the global symmetry, whose
presence in the original quantum theory turns
out to be a primary requirement to ensure that
its large-N limit is a well defined classical the-
ory. The practical implementation of the gen-
eral abstract approach is described in detail for
two specific examples: the quantum-to-classical
crossover of angular momentum, and the deduc-
tion of the classical limit of a system made of
N free one-dimensional spinless particles. The
structure of the paper is as follows: In Sec.2
we introduce the Generalized Coherent States
(GCS, which are essential in Yaffe’s procedure)
via the group-theoretical approach, independently
developed by Gilmore [6] and Perelomov [7] in
1972. Following Ref. [8] we describe the alge-
braic procedure to construct GCS starting from
the knowledge of the dynamical group of the
system. In particular, we show how to construct
GCS for systems associated to one of the two
real forms of the Lie group SL(2,C), namely the
non-compact one SU(1, 1), whose proper GCS
are the so called Pseudo-spin Coherent States
(PCS). In Sec.3 we identify the conditions en-
suring that a quantum theory has a well de-
fined classical limit, while in Sec.4 we consider
a specific case to show that such limit can be
obtained by increasing the number of degrees of
freedom N of the original quantum theory, i.e.
when the system it describes becomes macro-
scopic, as briefly discussed in the last concluding
section.
2 Generalized Coherent States
Any quantum theory Q can be defined in terms
of an algebra, possibly a Lie algebra g, and a
Hilbert space H, which is the carrier space of
an irreducible representation of g. All the phys-
ically relevant operators on H, except for the
propagators, are elements of such representa-
tion. On the other hand, according to the evolution-
postulate of quantum mechanics, the propaga-
tors of Q are elements of a unitary irreducible
representation of the Lie group G obtained from
g via a Lie exponential map, for that G is called
“dynamical group”. In what follows, for the sake
of a lighter presentation, we will most often iden-
tify algebras and groups with their respective
representations.
Let us now consider a generic quantum sys-
tem described by a theoryQ such that its Hamil-
tonian Hˆ belongs to g:
Hˆ=H(gˆi) , with gˆi ∈ g , and [gˆi, gˆj] = ckij gˆk .
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(1)
If we limit our analysis to semisimple Lie al-
gebras (or any algebra admitting a Cartan de-
composition), the Cartan basis {Dˆi, Eˆα, Eˆ−α}
is defined, with
[Dˆi, Dˆj] = 0 , [Dˆi, Eˆα] = αiEˆα , (2)
[Eˆα, Eˆ−α] = αiDˆ
i , [Eˆα, Eˆβ ] = CαβEˆα+β ,
Dˆi Hermitian (Dˆ
†
i = Dˆi), and Eˆα such that
Eˆ†α = Eˆ−α.The elements Dˆi(Eˆα) are dubbed
diagonal(shift) operators.
Once a normalized reference state |Φ0〉 in H is
chosen, usually so as to be both an eigenstate of
diagonal operators and a maximal weight state,
i.e.

Dˆi |Φ0〉 = di |Φ0〉 di ∈ R ,
Eˆα |Φ0〉 = 0 ∀α > 0 ,
〈Φ0 |Φ0〉 = 1 ,
(3)
one can identify the subgroup F ⊂ G that leaves
|Φ0〉 invariant up to a phase factor, i.e. Fˆ ∈ F →
Fˆ |Φ0〉 = |Φ0〉 eiϕ(Fˆ ); this subgroup is called sta-
bilizer of G with respect to |Φ0〉. Finally, refer-
ring to the coset G/F , the generalized coherent
states |Ω〉 are defined by:
Gˆ |Φ0〉 = ΩˆFˆ |Φ0〉 = Ωˆ |Φ0〉 eiϕ(Fˆ ) := |Ω〉 eiϕ(Fˆ )
(4)
where
Gˆ = ΩˆFˆ Gˆ ∈ G, Fˆ ∈ F , Ωˆ ∈ G/F .
We notice that GCS are in one-to-one corre-
spondence with the elements Ωˆ of G/F .
2.1 Differential structure of G/F
According to the “quotient manifold theorem”
[9], the coset G/F can be associated to a com-
plex manifold M whose points Ω are in one-to-
one correspondence with operators Ωˆ in G/F ,
and hence with the states |Ω〉. Since the algebra
g is semisimple, it satisfies the Cartan decom-
position in the form g = f ⊕ p, where f is the
algebra of F and p = ξβEˆβ − ξβ∗Eˆ−β is its or-
thogonal complement; therefore we can use the
coordinates
{
ξβ , ξβ
∗
}
to write
Ωˆ = e(ξ
βEˆβ−ξ
β∗Eˆ−β), ξβ ∈ C . (5)
One can use other coordinate-systems such as,
dropping the β-index for the sake of a lighter
notation,

ζ = ξ
sin
√
ξ†ξ√
ξ†ξ
if M is compact ,
ζ = ξ
sinh
√
ξ†ξ√
ξ†ξ
if M is not compact ,
(6)
or the one yielding a complex projective repre-
sentation,{
τ = ζ(1 − ζ†ζ)− 12 if M is compact ,
τ = ζ(1 + ζ†ζ)−
1
2 if M is not compact .
(7)
2.2 Metric and measure
It can be demonstrated [10] thatM is endowed
with a natural metric that can be expressed in
the τ coordinates as
ds2 = gαβdτ
αdτβ
∗
where gαβ :=
∂2F (τ, τ∗)
∂τα∂τβ
∗ ,
F (τ, τ∗) = logN(τ, τ∗), N(τ, τ∗) = 〈τ˜ | τ˜〉 ,
|τ˜〉 = eτβEˆβ |Φ0〉 ,
(8)
where |τ˜〉 is a non-normalized GCS. This allows
one to get information upon the manifold M.
Through ds2 one can define a canonical volume
form on M, i.e. a measure
dµ(Ω) = const× det(g)
∏
α
dταdτα∗ . (9)
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2.3 Overcompleteness of coherent states
Using dµ(Ω), GCS are demonstrated to form
an overcomplete set of states on H, providing a
continuous resolution of the identity, i.e.
Iˆ =
∫
G/F
dµ(Ω) |Ω〉 〈Ω| . (10)
The prefix “over” in the adjective ’overcomplete’
indicates that coherent states are “a lot”: in
fact, despite being normalized, 〈Ω |Ω〉 = 〈Φ0| Gˆ−1Gˆ |Φ0〉 =
〈Φ0 |Φ0〉 = 1, ∀Gˆ ∈ G, they are not orthogonal,
〈Ω |Ω′〉 = 〈Φ0| Ωˆ−1Ωˆ′ |Φ0〉 =
= 〈Φ0| Gˆ−1Gˆ′ |Φ0〉 eiϕ = 〈Φ0| Gˆ′′ |Φ0〉 eiϕ 6= 0 ,
(11)
∀ Gˆ, Gˆ′, Gˆ′′ ∈ G, and Ωˆ, Ωˆ′ ∈ G/F .
2.4 Symplectic structure
M is equipped with a symplectic structure that
allows one to identify it as a phase space, pos-
sibly the one proper to the classical system into
which the original quantum system flows when
the classical limit is rigorously performed. The
symplectic form on M has the coordinate rep-
resentation
ω = −i
∑
αβ
gαβ dτ
α ∧ dτβ∗ , (12)
and it is used to define the Poisson brackets
{f, g}PB := i
∑
αβ
gαβ
(
∂f
∂τα
∂g
∂τβ
∗ −
∂g
∂τα
∂f
∂τβ
∗
)
.
(13)
Switching to the ζ coordinates, and defining w
and v via
ζβ =
1√
2
(wβ − ivβ) , ζ∗β =
1√
2
(wβ + ivβ) ,
(14)
one obtains the Poisson brackets in the standard
form,
{f, g}PB =
∑
α
(
∂f
∂vα
∂g
∂wα
− ∂g
∂vα
∂f
∂wα
)
. (15)
2.5 Pseudo-spin coherent states
We end this section by giving an explicit exam-
ple of GCS construction, namely those relative
to the group SU(1, 1)1. Its generators are the set
{Kˆ0, Kˆ1, Kˆ2} which spans the su(1, 1) algebra
[Kˆα, Kˆβ] = iǫαβγKˆ
γ , (16)
where the indices α, β, γ ∈ {0, 1, 2} are raised
and lowered with the 3-dimensional Minkowski
metric ηαβ = diag{−1, 1, 1}. The Hilbert space
of the system is a unitary irreducible represen-
tation of su(1, 1), which is identified by the so
called Bargmann index k:
Hk = {|k,m〉 , m ∈ N k ∈ R+} , (17)
where |k,m〉 are the simultaneous eigenstates of
Kˆ0 and of the Casimir operator Kˆ
2 = −KˆαKˆα
such that{
Kˆ2 |k,m〉 = k(k − 1) |k,m〉 ,
Kˆ0 |k,m〉 = (k +m) |k,m〉 .
(18)
The unitary irreducible representations of SU(1, 1)
(that are infinite-dimensional since the group
is not compact) have been firstly discussed by
Bargmann [11] as incidental to his discussion
of the Lorentz group. One can find a consoli-
dated review in Ref. [12]. In this paper we will
only refer to the representations of the group
1 The Lie group SU(1,1) is defined as the group
of transformations in the two-dimensional complex
plane C2 that leave invariant the Hermitian form
ψ¯ψ := ψ†σ3ψ = ψ
†
1ψ1−ψ†2ψ2, where ψ = (ψ1, ψ2) ∈
C2 and σ3 is the third Pauli matrix. This group is iso-
morphic to SL(2,R) and Sp(2,R), and its substantial
differences with SU(2) is that it is noncompact and
it is not simply connected. We will study an explicit
example of a system related to this group in Sec. 3.
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SO(1, 2) = SU(1, 1)/Z2, obtained by Barut and
Fronsdal in Ref. [13].
To construct GCS we need a reference state.
Given the index-k representation we choose the
lowest-weight state i.e. |Φ0〉 = |k,m = 0〉 and
we identify the stabilizer subgroup F by
eiδKˆ0 |k, 0〉 = eiδk |k, 0〉 with δ ∈ R , (19)
and hence F = U(1) . We can now consider the
coset SU(1, 1)/U(1) to define the pseudo-spin
coherent states (PCS)
|Ω〉 = Ωˆ |k, 0〉 with Ωˆ ∈ SU(1, 1)/U(1) , (20)
where Ωˆ can be parameterized as:
Ωˆ = eξKˆ+−ξ
∗Kˆ− (21)
with Kˆ± = Kˆ1 ± iKˆ2 shift operators satisfying
[Kˆ+, Kˆ−] = −2Kˆ0, [Kˆ0, Kˆ±] = ±Kˆ±. Points Ω
on the manifold associated to the coset SU(1, 1)/U(1)
can be identified by the complex coordinates
(ξ, ξ∗); this allows one to express Ωˆ, using the
standard (2× 2) matrix representation2
Kˆ+ =
[
0 i
0 0
]
Kˆ− =
[
0 0
i 0
]
Kˆ0 =
[
1
2 0
0 − 12
]
,
(22)
by means of the matrix [8][√
1 + ζζ∗ ζ
ζ∗
√
1 + ζζ∗
]
, (23)
with −iζ defined by Eq. (6)3. Introducing “po-
lar” coordinates (ρ, φ) ∈ R× [0, 2π] via
iξ =
ρ
2
e−iφ (24)
Eqs. (6) and (7) define the ζ- and τ -coordinates
as
ζ = sinh
ρ
2
e−iφ, τ = tanh
ρ
2
e−iφ . (25)
2 This representation is finite dimensional and
hence not Hermitian.
3 A factor i is needed to define ζ because the rep-
resentation (22) is not Hermitian.
Eq. (21) can be written [14] in the τ -coordinates
Ωˆ = (1− |τ |2)keτKˆ+ (26)
so that the natural metric defined in Eq. (8)
emerges via
|τ˜〉 = eτKˆ+ |k, 0〉 , N(τ, τ∗) = (1 − |τ |2)−2k ,
F (τ, τ∗) = −2k log (1− |τ |2) ,
(27)
as
ds2 =
2k
(1− |τ |2)2 dτdτ
∗ =
k
2
(d2ρ+sinh2ρ d2φ) ,
(28)
where |τ˜〉 is a non-normalized PCS. Moreover,
it is possible to show [14] that the completeness
relation (10) is verified for any k > 1/2 in the
form∫
SU(1,1)/U(1)
dµk(τ) |τ〉 〈τ | = I ,
with dµk(τ) =
2k − 1
π
dτdτ∗
(1 − |τ |2)2 .
(29)
The manifold associated to SU(1, 1)/U(1) is called
“Bloch” pseudosphere PS2 (see for instance Chap.1
of Ref. [5] for further details).
3 From a quantum theory to a classical
one
In this section, following Ref. [1], we show how a
large-N limit of a quantum theory can formally
define a classical dynamics. Let us first specify
what makes a theory recognizable as a quan-
tum or a classical one: as mentioned in Sec.2, a
quantum theory Q is defined by:
– a Lie Algebra g,
– a Hilbert space H that carries an irreducible
representation of g,
– a Hamiltonian operator Hˆ ∈ g.
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A classical theory C is instead determined by4:
– a manifold M,
– a symplectic form onM, which defines Pois-
son brackets,
– a Hamiltonian function hcl :M→ R.
After the above definitions, one can describe a
general procedure for realizing a so-called quantum-
to-classical crossover, which is a formal rela-
tion between quantum and classical theories, de-
scribing how the first can naturally flow into the
latter, possibly when some “quanticity parame-
ter” χ ∈ R+ tends to zero. The limit χ → 0 is
dubbed “classical limit” and, in order to exist,
certain conditions must be fulfilled, that isolate
the minimal structure that the starting quan-
tum theory should possess. These conditions are
satisfied by a large class of quantum theories,
namely the Large-N quantum theories that fea-
ture a global symmetry. If this is the case, χ is
a decreasing function of the number N of de-
grees of freedom, and χ → 0 when N → ∞.
This reveals that many-variables, provided with
a global symmetry, lie behind any quantum-to-
classical crossover.
3.1 When does a quantum theory have a
classical limit?
Consider a quantum theory Qχ defined by the
Lie algebra g, the Hilbert space Hχ and the
Hamiltonian Hˆχ. Be such theory characterized
by some parameter χ which is assumed to take
positive real values, including the limiting χ =
0 one. Once identified the dynamical group G
of the theory via a Lie exponential map on g,
and its irreducible unitary representation5 Gχ
4 More accurately this is the definition of Hamilto-
nian classical theory, but not all classical theories are
Hamiltonian. Anyway in this paper we only consider
these ones.
5 Notice that the abstract group G and its algebra
g do not depend on χ, which instead enters Gχ and
on Hχ, we can construct the GCS |Ωχ〉. They
will be in one-to-one correspondence with the
points Ωχ of the manifoldMχ associated to the
coset G/Fχ, where Fχ is the stabilizer with re-
spect to a reference state |0χ〉 ∈ Hχ. For any op-
erator Aˆ acting onHχ one can define the symbol
A(Ωχ) by
A(Ωχ) := 〈Ωχ| Aˆ |Ωχ〉 , ∀Ωχ ∈Mχ . (30)
As pointed out in Ref.[1], in order to have some
control over the limit χ → 0, suppose that it is
possible to arrange the set of GCS in the equiv-
alence classes
[|Ωχ〉]∼ := |Ω〉χ (31)
obtained from the equivalence relation
|Ωχ〉 ∼
∣∣Ω′χ〉
if lim
χ→0
A(Ωχ) = lim
χ→0
A(Ω′χ) <∞ , ∀Aˆ ∈ K ,
(32)
where, in order to ensure that the limit is well
defined, K is a restricted set of operators satis-
fying
lim
χ→0
〈Ω| Aˆ |Ω′〉χ
〈Ω |Ω′〉χ
:= A(Ω,Ω′)χ <∞ ,
∀Ω,Ω′ ∈Mχ/∼ ;
(33)
operators in K will be called classical operators.
Since the symbols of classical operators upon
GCS that belong to a same class are equal, ac-
cording to Eq. (32), we will use the notation:
Aχ(Ω) := A(Ωχ) = 〈Ω| Aˆ |Ω〉χ ,
∀Ω ∈ Mχ/∼ .
(34)
It can be demonstrated [1] that, in order for the
theory Qχ to have a χ → 0 limit that corre-
sponds to a classical theory, the following con-
ditions must hold:
its algebra gχ via the χ-dependence of the Hilbert
space Hχ.
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1) Irreducibility of Gχ
As mentioned above, each representation Gχ
of the dynamical group acts irreducibly on
the corresponding Hilbert spaceHχ. This re-
quirement assures that for each χ the quan-
tum theory is well defined. Using the Schur’s
lemma and the invariance of the measure on
the coset G/Fχ, this assumption implies eq.
(10), i.e.
Iχ = cχ
∫
(G/Fχ)/∼
dµ(Ω) |Ω〉 〈Ω|χ , (35)
where cχ is a constant depending on the nor-
malization of the group measure and must
be computed explicitly. Notice that the mea-
sure dµ(Ω) does not depend on χ and hence
remains the same as χ→ 0.
2) Uniqueness of the “Zero” operator
The zero operator Zˆ is the only one for which
Zχ(Ω) = 0 ∀Ω ∈ Mχ/ ∼. As a conse-
quence, two different operators cannot have
the same symbol, implying that any opera-
tor can be uniquely recovered from its expec-
tation value on GCS, i.e. from its symbols.
3) Exponential decrease of inequivalent co-
herent states overlap
The overlap between classically inequivalent
GCS exponentially decreases as χ→ 0, i.e.
lim
χ→0
〈Ω |Ω′〉χ = e
− limχ→0
∆(Ω,Ω′)χ
χ (36)
where ∃ limχ→0∆(Ω,Ω′)χ ∀Ω,Ω′ ∈ Mχ/∼
and
Re∆(Ω,Ω′)χ
{
> 0 if |Ω〉χ 6= |Ω′〉χ
= 0 if |Ω〉χ = |Ω′〉χ
The result is that, when χ → 0 inequiva-
lent coherent states become orthogonal, i.e.
distinguishable. As a consequence, the fac-
torization
lim
χ→0
[(AB)χ(Ω)−Aχ(Ω)Bχ(Ω)] = 0 (37)
holds for any pair Aˆ and Bˆ of classical oper-
ators.
4) Classical limit of the Hamiltonian
The operator χHˆχ is a classical operator.
This ensures that the coupling constants in
the Hamiltonian are scaled in a manner that
maintains sensible dynamics as χ→ 0, so as
to define a meaningful classical limit.
If the hypothesis 1-4 are satisfied there is a phase
space on which a classical dynamics can be de-
fined: it is the manifoldM = (Mχ/∼)χ→0 whose
points Ω are in one-to-one correspondence with
the GCS classes [|Ωχ→0〉]∼ := |Ω〉, and which
can be equipped with the natural metric and the
symplectic structure defined by Eqs. (8)-(12).
Using the coordinates wβ , vβ as in Eq. (14) the
classical Hamiltonian turns out to be [1]
hcl(v
β , wβ) = lim
χ→0
χHχ(Ω) . (38)
3.2 Large-N quantum theories: crucial role of
global symmetries
All known types of quantum theory QN de-
scribed byN degrees of freedom (dof) and equipped
with a global symmetry X(N) are found to sat-
isfy the conditions 1-4, where χ = χ(N) is a de-
creasing function such that limN→∞ χ(N) = 0.
The symmetry X(N) is called global, for QN , if
the related transformations act on all its N dof.
In fact, the existence of the symmetry X(N) is
crucial, as it is responsible for the possible re-
duction of dof defining QN , once it has flowed,
for N → ∞, in the corresponding classical the-
ory. Let us hence show how the symmetry plays
its role:
* Saying that a theory QN has a certain
symmetry implies that all the relevant operators
Aˆ of QN satisfy the relation UAˆU† = Aˆ ∀U ∈
X(N) .
* Considering the GCS of QN and the sym-
bols defined by Eq. (30), it is hence
A(ΩN ) = 〈ΩN | Aˆ |ΩN 〉 = 〈ΩN | UAˆU† |ΩN 〉 =〈
ΩUN
∣∣ Aˆ ∣∣ΩUN〉 = A(ΩUN ), where ∣∣ΩUN〉 := U |ΩN 〉.
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* This suggests to define the equivalence re-
lation:
|ΩN 〉 ∼ |Ω′N 〉 if A(ΩN ) = A(Ω′N ) , (39)
for any relevant operator Aˆ, in order to arrange
the GCS in the classes [|ΩN 〉]∼ := |Ω〉N . In this
way all the states connected through a symme-
try transformation are equivalent.
* In the limit N →∞ only the classical op-
erators defined by Eq. (33) clearly remain rele-
vant and, comparing Eq. (39) and (32), one ob-
tains that the points on the classical phase M
are identified by the classes |Ω〉 := [|ΩN→∞〉]∼,
rather than by the huge number of GCS |ΩN→∞〉.
Finally we remark that not all of the Large-
N quantum theories flow into classical theories:
in order to realize the crossover a global sym-
metry is needed. In fact, if such a symmetry is
not present the theory will remain quantum also
for N → ∞. For instance consider a theory de-
scribing a Large -N set of indistinguishable par-
ticles: speaking about some global symmetry is
clearly meaningless if one cannot distinguish be-
tween a variable and another one. Indeed it is
well known that the quantum effects in a gas of
indistinguishable particles are particularly rel-
evant, especially when its density (for a fixed
temperature) is high.
4 Large -N limit of O(N) vector models
Consider a O(N) global invariant quantum the-
oryQN describing a system ofN one-dimensional
distinguishable spinless particles: its Hamilto-
nian acts on the Hilbert space HN and can be
taken as an arbitrary polynomial6 of the form
HˆN = N h[Aˆ, Bˆ, Cˆ] , (40)
6 If g is the Lie algebra defining the theory, we con-
sider the Hamiltonian as an element of the univer-
sal enveloping algebra U(g) = T (g)/I , where T (g) =
K ⊕ g ⊕ (g ⊗ g) ⊕ (g ⊗ g ⊗ g) ⊕ · · · is the tensor al-
gebra of g (K is the field over which g is defined)
and I is the two-sided ideal over T (g) generated by
elements of the form Aˆ ⊗ Bˆ − Bˆ ⊗ Aˆ − [Aˆ, Bˆ] with
Aˆ, Bˆ ∈ g. Informally U(g) is the algebra of the poly-
where Aˆ, Bˆ, Cˆ are the basic O(N) invariants:

Aˆ =
1
2
∑
i
qˆ2i ,
Bˆ =
1
2
∑
i
(qˆipˆi + pˆiqˆi) ,
Cˆ =
1
2
∑
i
pˆ2i ,
(41)
with positions qˆi and conjugated momenta pˆi
satisfying the canonical commutation relations:
i [pˆi, qˆj ] =
1
N
δij Iˆ , (42)
with i, j = 1, ..., N particle index. Applying the
formalism of section 3 with χ = 1/N , as sug-
gested in Ref. [1], one finds the classical limit of
the QN for N →∞ as follows7.
Identification of the dynamical group
and coherent states
The dynamical group GN is defined as the group
generated by the operators Aˆ, Bˆ and Cˆ. From
(42) we obtain the commutation rules for its Lie
algebra gN
[Aˆ, Bˆ] =
2i
N
Aˆ , [Aˆ, Cˆ] =
i
N
Bˆ , [Bˆ, Cˆ] =
2i
N
Cˆ ,
(43)
that, via the linear transformations
Kˆ0 =
1
2
(Aˆ+ Cˆ) , Kˆ1 =
1
2
Bˆ , Kˆ2 =
1
2
(Aˆ− Cˆ) ,
(44)
become Eqs. (16), with the structure constants
consistently rescaled by a factor 1/N (in fact
the unscaled rules are realized with the elements
NKˆα). GN can then be regarded as a unitary
representation onHN of the group G = SU(1, 1)
nomials of g. It is possible to demonstrate [15] that
the representations of g and U(g) are the same.
7 In order to avoid explicit rescalings of the cou-
pling constants in the Hamiltonian as N → ∞, a
factor 1/
√
N has been included in the definition of
qˆi and pˆi, as seen from Eq. (42)
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and the GCS for QN are the PCS introduced in
Sec. 2.5: For convenience, the indices k (Bargmann
index) and m, there defined will be rescaled by
a factor N , i.e. k → Nk, m→ Nm.
Classical operators and equivalent states
Using the τ -coordinates introduced at the end
of section 2.5, the PCS overlaps [16]
〈Ω |Ω′〉N =
(1− |τ ′|2)Nk(1 − |τ |2)Nk
(1− τ ′τ∗)2Nk , (45)
and the matrix elements

〈Ω| Kˆ0 |Ω′〉
〈Ω |Ω′〉 = k
1 + τ ′τ∗
1− τ ′τ∗ ,
〈Ω| Kˆ1 |Ω′〉
〈Ω |Ω′〉 = 2k
Re τ
1− τ ′τ∗ ,
〈Ω| Kˆ2 |Ω′〉
〈Ω |Ω′〉 = −2k
Im τ
1− τ ′τ∗ ,
(46)
show us that Kˆα are all classical operators, in
agreement with the definition (33); therefore, as
they are basic operators, all O(N)-invariant op-
erators are classical. We can obtain Eqs. (46)
using the action of Kˆ± on the |k,m〉-states, de-
fined by Eq. (18),
Kˆ± |k,m〉 =
=
√
N(k +m)(N(k +m)± 1)−Nk(Nk − 1) |k,m± 1〉 ,
and the PCS expansion in terms of |k,m〉, which
in τ -coordinates is [16]
|Ω〉 =(1− |τ |2)Nk·
·
∞∑
m=0
√
Γ (N(2k +m))
(Nm)!Γ (2Nk)
τNm |k,m〉 ,
(47)
where Γ is the Euler’s gamma function. If we
now consider Eq. (46) for τ ′ = τ , i.e.

K0(Ω) = 〈Ω| Kˆ0 |Ω〉 = k 1 + |τ |
2
1− |τ |2
K1(Ω) = 〈Ω| Kˆ1 |Ω〉 = 2k Re τ
1− |τ |2
K2(Ω) = 〈Ω| Kˆ2 |Ω〉 = −2k Im τ
1− |τ |2
, (48)
we correctly find that the symbols of classical
operators are different only for states belonging
to different equivalence classes.
Proof of hypothesis
1) Irreducibility of GN : This hypothesis needs no
proof, as we actually assume it in order to define
a consistent quantum theory for any fixed N .
Notice, in fact, that we have already enforced
it when considering the PCS, as we have re-
quired the value of the Casimir operator Kˆ2 =
−KˆαKˆα on HN to be fixed (Schur’s lemma).
2) Uniqueness of the “Zero” operator: Suppose
there exists some operator Zˆ for which Z(Ω) =
〈Ω| Zˆ |Ω〉 = 0 for any PCS |Ω〉. Using the com-
mutation relations [Kˆ−, Kˆ+] = (2/N)Kˆ0 and
Kˆ− |k, 0〉 = 0, where Kˆ± and |k, 0〉 are the shift
operators and the reference state, respectively,
introduced in Sec. 2.5, one can show by an in-
duction argument8, that
〈k, 0| Kˆ−...Kˆ−ZˆKˆ+...Kˆ+ |k, 0〉 = 0 for any num-
ber of Kˆ− or Kˆ+. Polynomials in Kˆ+ applied to
|k, 0〉 clearly form a dense set of O(N)-invariant
states, then Zˆ must be the zero operator.
8 Since |k, 0〉, as reference state (see Sec. 2.5), is
a PCS, Z(Ω) = 0 implies 〈k, 0| Zˆ |k, 0〉 = 0. Then,
assuming that
〈k, 0| Kˆ−...Kˆ−ZˆKˆ+...Kˆ+ |k, 0〉 = 0 (49)
is true when the total number of Kˆ− plus Kˆ+
is less that n, we must prove the same holds
when such number becomes n. Firstly note that
Z(Ω) = 0 implies 〈k, 0| [[Zˆ, Λˆ1], Λˆ2], ...Λˆn] |k, 0〉 =
0 Λˆi ∈ Kˆ−, Kˆ+ (choose |Ω〉 = Ωˆ |0〉 with Ωˆ =
et1Λˆ1et2Λˆ2 ...etnΛˆn and differentiate Z(Ω) with re-
spect to each ti). Expanding the multiple commu-
tator, we find that only one term contains all Kˆ−
operators to the left and all Kˆ+ operators to the
right of Zˆ. Every other term contains at least one
Kˆ− operator which may be pushed right until it an-
nihilates |k, 0〉, or one Kˆ+ operator which may be
pushed left. This process produces also commutator
terms [Kˆ−, Kˆ+] which reduce n by two. In the end
the vacuum expectation value of a multiple commu-
tator contains a term of the form (49) with n oper-
ators plus lower-order terms which vanish for induc-
tion. Therefore Eq. (49) also holds for a number n of
Kˆ− plus Kˆ+ operators.
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3) Exponential decrease of inequivalent coher-
ent states overlap: This condition easily follows
from Eq. (45), implying
lim
N→∞
〈Ω |Ω′〉N = e− limN→∞N∆(τ,τ
′)N , (50)
where
∆(τ, τ ′)N = ∆(τ, τ
′) =
− k [ln (1− |τ ′|2) + ln (1− |τ |2)− 2 ln (1 − τ ′τ∗))] ,
(51)
so that ∃ limN→∞∆(τ, τ ′)N ∀τ, τ ′ with
Re∆(τ, τ ′)
{
> 0 if |Ω〉 6= |Ω′〉
= 0 if |Ω〉 = |Ω′〉
4) Classical limit of Hamiltonian: As any N -
independent polynomial in Aˆ, Bˆ and Cˆ is a
classical operator, this holds true also for any
Hamiltonian of the form (40).
Classical theory
We can define a classical dynamics on the coset
SU(1, 1)/U(1), which is the manifold PS2 de-
scribed in Sec.2.5, that can be mapped to the
so-called Poincare´ half planeH by the conformal
transformation
z := ̺− iv := i+ τ
i− τ . (52)
H is endowed with the natural metric
ds2 =
R2
̺2
(d̺2 + dv2) , (53)
where R =
√
k/2 , and with the standard Pois-
son brackets
{f, g}PB =
∂f
∂v
∂g
∂w
− ∂g
∂v
∂f
∂w
, (54)
once w = k/̺ has been defined. Considering
the transformations (44) together with Eq. (48)
in the coordinates (v, w), as defined above, we
obtain

A(v, w) = w ,
B(v, w) = 2vw ,
C(v, w) = w
(
k2
w2
+ v2
)
.
(55)
From Eqs. (38) and (40) we then get the classi-
cal Hamiltonian:
hcl(v, w) = h
(
w, 2vw, v2w + k2w−1
)
. (56)
Finally we can define a classical action
Scl =
∫
dt [vw˙ − hcl(v, w)] , (57)
from which the equations of motion of the clas-
sical theory, i.e the Hamilton’s equations, can
be derived

v˙ = −∂hcl
∂w
= {hcl, v}PB ,
w˙ =
∂hcl
∂v
= {hcl, w}PB .
(58)
Role of the symmetry O(N)
We highlight that in the above construction the
role of the global symmetry O(N) is crucial. In-
deed had it been absent, the GCS would not
have been in one-to-one correspondence with
the points of PS2, but with those of the much
bigger N -dimensional complex plane CN . De-
noting with H4 the so called Heisenberg group,
from which one obtains the standard ”Harmonic-
oscillator” coherent states [8], we can graphi-
cally summarize the job done by the symmetry
as follows:
|ΩN 〉 ↔
(
H4/U
2(1)
)N ≃ CN , ΩN ∈ CNwwwwO(N)-symmetry
|Ω〉N := [|ΩN 〉]∼ ↔
SU(1, 1)
U(1)
≃ PS2, Ω ∈ PS2
where the equivalence relation is constructed
thanks to the symmetry transformations, as in
Eq. (39).
4.1 Quantum-to-classical crossover of angular
momentum
Thanks to Eqs. (37) and (48) we can calculate
the expectation value on PCS of the Casimir
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operator Kˆ2 = −KˆαKˆα:
K2(v, w) = k2 . (59)
Notice that this is constant, i.e. it does not de-
pend on the conjugated variables (v, w). This
means that it has to flow to a conserved quantity
in the classical motion. It is then a due question
to ask: “which one?”. It is suggestive to ana-
lyze the connection of Kˆ2 with the N degrees
of freedom. After some calculations we obtain:
Kˆ2 =
1
4
(
Lˆ2 +
1
4
− 1
N
)
, (60)
where

Lˆ2 =
1
2
∑
ij
Lˆ2ij i, j = 1, ..., N ,
Lˆij = qˆipˆj − qˆj pˆi ,
(61)
are the modulus and the components of the an-
gular momentum, respectively, of the N degrees
of freedom. Then the above mentioned conserved
classical quantity might be an angular momen-
tum. Such an identification is reinforced by the
following argument:
– i) If we express the positions qˆi and the mo-
menta pˆi in terms of the ladder operators
(aˆi, aˆ
†
i ):

qˆi =
1√
2
(aˆ†i + aˆi)
pˆi =
i√
2
(aˆ†i − aˆi)
(62)
the canonical commutation rules (42) become
[aˆi, aˆ
†
j ] =
1
N
δij Iˆ with i, j = 1, ..., N (63)
and thanks to Eqs. (41) and (44) it is:
Kˆ0 =
1
2
(
Nˆ + 1
2
)
(64)
where Nˆ =∑i aˆ†i aˆi is the number operator.
– ii) As it is well known, the relations (63)
imply that the spectrum of Nˆ is the set N of
the natural numbers and then, according to
Eq. (64), the spectrum of Kˆ0 is { 12
(
n+ 12
)
,
n ∈ N}. Defining n := l + 2m with l,m ∈
N, and considering Eqs. (18), the possible
values of k must be
k =
l˜
2
:=
1
2
(
l+
1
2
)
with l ∈ N ; (65)
in fact, a more exhaustive demonstration of
Eq. (65) can be found in Ref. [17].
– iii) The physical meaning of the natural num-
ber l is revealed when inserting Eq. (65) in
Eq. (18) to see that, using Eq. (60), it is9
Lˆ2 |l,m〉 = l
(
l + 1− 2
N
)
|l,m〉
−֒−−−→
N→∞
Lˆ2 |l,m〉 = l(l + 1) |l,m〉 l ∈ N
(66)
where we have written the eigenstates |k,m〉
as |l,m〉. Eq. (66) shows that, if the limit
N → ∞ is performed, the operator Lˆ2 =
4Kˆ2− 14 has the same spectrum of the mod-
ulus of a 3-dimensional orbital angular mo-
mentum operator.
– iv) Finally inserting Eq. (65) in Eq. (59) it
is
4K2(v, w) = 4k2 = l˜2 ; (67)
it is hence appropriate to assume that the
quantity 4k2 flows to a classical 3d angular
momentum, conserved in the motion. More-
over the dependence on l˜ = l + 12 confirms
that the limit N →∞ is a classical one.10
9 Notice that, considering the rescaling of the
SU(1, 1) commutation rules and of the indices k, m,
Eq. (18) assumes the form:{
N2Kˆ2 |k,m〉 = Nk(Nk− 1) |k,m〉
NKˆ0 |k,m〉 = N(k +m) |k,m〉
10 The classical limit of a spin-j system can be
naively implemented substituting the spin operators
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In the end, a “bridge” from “quantum to clas-
sical” is built thanks to the three real parame-
ters (v, w, k) that have a genuine quantum ori-
gin but, in the limit N → ∞, entering in the
Hamiltonian (56), do acquire a proper classical
nature. In particular, from the quantum view-
point, the Bargmann index k identifies the the-
ory’s Hilbert space HN as an irreducible rep-
resentation of SU(1, 1) and (v, w) the overcom-
plete set of PCS. As a result of the crossover
to the classical theory, (v, w) become the conju-
gated variables defining the motion, and 4k2 is
a conserved angular momentum.
Despite the above, quite convincing, discussion,
there is a caveat: the action (57) tells us that
the classical motion is 1-dimensional, implying
that no angular momentum can be defined. The
only possibility is hence that such an angular
momentum is external to the system. In fact,
noticing that w has to be positive 11, it can
be mapped into a radius r; therefore, we sug-
gest that the emerging classical theory describes
the central motion of a 3-dimensional particle in
the 1-dimensional effective-potential formalism,
with respect to the radial coordinate r. In the
next subsection we show how this statement is
substantiated.
4.2 A paradigmatic example: the free particles
Let us use the above designed procedure to find
the classical limit of a quantum theory that de-
scribes a number N → ∞ of one-dimensional
distinguishable free particles. The quantum Hamil-
tonian is:
HˆN =
N
2
∑
i
pˆ2i = N Cˆ . (68)
with classical vectors that freely move on a sphere of
radius (j + 1/2) [18].
11 This is easily proved by noticing from Eq. (25)
that |τ |2 < 1, and using the transformation Eq.(52)
and the one after Eq. (54)
The classical phase space is H with the two co-
ordinates (v, w); the classical Hamiltonian de-
scribing the limit N → ∞ is, according to Eq.
(56),
hcl(v, w) = v
2w + k2w−1 . (69)
If we relabelw = r2/2, v = p/r, then {p, r}PB =
1 and Eq. (69) becomes
hcl(p, r) =
p2
2
+
l˜2
2r2
. (70)
This is indeed the Hamiltonian of a classical 3-d
free particle with angular momentum L2 = l˜2 in
the effective potential formalism.
We have thus obtained that a large number N
of quantum free particles corresponds to one
single classical rotating particle. It is of great
relevance and significance that one cannot re-
cover the quantum Hamiltonian (68) from the
classical one (70) simply substituting the dy-
namical variables p2 and r2 with the operators
pˆ2 =
∑
i pˆi
2 and rˆ2 =
∑
i qˆi
2, and imposing the
rules i[pˆ, rˆ] = Iˆ i.e. by a naive “quantization”:
indeed the classical limit of quantum theory is
most often a completely different theory.
5 Conclusions
Before presenting our concluding remarks, let
us briefly comment upon the difference between
the quantum to classical crossover of a theory,
which is the topic to which this work is dedi-
cated, and the suppression of quantum features
in the behaviour of non-isolated quantum sys-
tems, either closed or open12. The two processes
12 Despite the ambiguity of the terminology, in re-
cent literature ”closed” systems are defined as quan-
tum non-isolated systems with an environment that
enters the analysis as a classical-like agent, such as an
external magnetic field, or a classical thermal bath.
”Open” quantum systems, instead, are those whose
environment is, and must be treated as, a quantum
system, which implies having to consider phenomena
such as entanglement generation, back-flow of infor-
mation, non-markovianity, and many others.
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are of a profoundly different nature. The former
occurs whenever the system that the theory de-
scribes is ”big” (i.e. made of a very large number
of components) and features some global sym-
metry, irrespective of the possible presence of
other systems in the overall setting. It is a pro-
cess that changes the theoretical framework into
which the description of the system is set. The
latter, instead, is observed in quantum systems
WITH an environment, and the loss of quan-
tum features is a direct consequence of such
an environment being ”big” in the above sense.
In this case, the principal system stays ”quan-
tum” (i.e. described by the formal tools of quan-
tum mechanics), and it can possibly recover its
quantum features. In fact, it has been recently
shown[19,4] that the loss of quantum features in
systems that interact with environments made
by a very large number of components can be
formally derived and related with the theory of
quantum measurements, once the environment
undergoes a quantum to classical crossover as
described by the first process. In brief, one can
say that the quantum to classical crossover is
defined as a process ”per se´”, while the loss of
quantum features in a system is a consequence
of one such crossover occuring in the environ-
ment.
We finally get to our Conclusions, and start
by interpreting the results of the previous sec-
tion from a different viewpoint. Consider a quan-
tum theory Qχ that describes a spinless particle
in 1-dimension, and depends on some “quantic-
ity” parameter χ, say a coupling constant. Its
dynamical group is H4, that can be identified
with GN=1.13 Noting that H4 ≃ GN (they are
both representations of G), we find that there
exists a correspondence between the GCS |Ω〉χ
of Qχ and the GCS |ΩN 〉 of QN , i.e. one can
write Ω = Ω(ΩN ). Then, given the quantum
Hamiltonian Hˆχ of Qχ, we can find a Hamilto-
13 This result is clear when considering Eqs. (63) for
N=1.
nian h of the form (40) such that
Hχ(Ω(ΩN )) = N h[A(ΩN ), B(ΩN ), C(ΩN )] .
(71)
Therefore, when N → ∞ we obtain a classical
theory not only for QN but also for Qχ, possibly
when χ→ 0. This argument can be generalized
to the N → ∞ limit of essentially all physical
quantum theory equipped with a global symme-
try.14
One may thus presume that any system we
perceive as classical is in fact a particular macro-
scopic quantum system, of which we observe
the effective behaviour. The explicit implemen-
tation of Yaffe’s procedure given above for a few
paradigmatic physical systems, clearly illustrate
some inherent properties of the quantum to clas-
sical crossover in the macroscopic limit, which
are worth to be highlighted. Among them, prob-
ably one of the most apparent is that many dif-
ferent quantum theories can flow into the same
classical theory, whose Hamiltonian may appear
rather different from the one expected by do-
ing a na¨ıve classical limit of the quantum one.
However, the one outcome upon which we would
like to comment the most, is that the classical
theory we finally get by the present formal ap-
proach is not that whose conventional quanti-
zation would lead to the quantum theory from
which we started: This is, in our opinion, an es-
pecially relevant observation, as it tells us that
apparently the proper way of reasoning is that
of moving from the quantum to the classical de-
scription, and not that of quantizing classical
theories. We think that such change of perspec-
tive could be fruitful to address some still un-
solved problems, as, e.g., a proper quantum de-
scription of gravitation.
14 Yaffe demonstrates that not only O(N) vector
models have a classical limit when N →∞, but also
U(N) matrix models and U(N)-lattice gauge theo-
ries.
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